We propose and demonstrate experimentally a scheme to create entangled history states of the Greenberger-Horne-Zeilinger (GHZ) type. In our experiment, the polarization states of a single photon at three different times are prepared as a GHZ entangled history state. We define a GHZ functional which attains a maximum value 1 on the ideal GHZ entangled history state and is bounded above by 1/16 for any three-time history state lacking tripartite entanglement. We have measured the GHZ functional on a state we have prepared experimentally, yielding a value of 0.656 ± 0.005, clearly demonstrating the contribution of entangled histories.
I. INTRODUCTION
The traditional "observables" of quantum theory are operators in Hilbert space that act at a particular time. But many quantities of physical interest, such as the accumulated phase exp i 2 1 dt v· A of a particle moving in an electromagnetic potential, or its accumulated proper time, are more naturally expressed in terms of histories. We may ask: Having performed a measurement of this more general, history-dependent sort of observable, what have we learned? For conventional observables, the answer is that we learn our system is in a particular subspace of Hilbert space, that is, the eigenspace corresponding to the observable's measured value.
Recently two of us, building on the work of Griffiths and others [1] , have formulated a mathematical framework which extends many of the concepts and procedures ordinarily used in analyzing states of quantum systems to their histories [2] [3] [4] . Specifically, we have constructed, under very general assumptions about a quantum dynamical system, a Hilbert space of its possible histories. The inner product reflects probabilities of histories occurring.
There is a natural definition of observables on the history Hilbert space. It accommodates the observables we mentioned initially, and new possibilities which might not have been easy to imagine otherwise. The result of measuring a history observable is a partial reconstruction of "what happened" during the evolution of one's system. Analogously to how measurement of the value of an ordinary observable on a system establishes the location of the state of the system within an eigenspace of the observable, measurement of a history observable on a system's evolution establishes the location of its history within an eigenspace (in history space) of the history observable. Such eigenspaces often contain entangled histories. The defining property of an entangled history is that it cannot be assigned, at each time, to a definite state.
A particularly interesting sort of entangled history corresponds to a particular state at an initial time, and to another particular state at a final time, and yet can not be assigned to a definite state at intermediate times. Such an entangled history provides a vivid illustration of the "many worlds" picture of quantum mechanics, for it branches into several incompatible trajectories, which later come together.
Here we describe a detailed protocol for producing an entangled history of that kind. We have produced histories following that protocol, and measured that they display behavior which cannot be realized by any history which is not entangled.
Our history state is a temporal analogue of the GHZ state, and our measurement strategy was inspired by the GHZ test. Hence it is appropriate briefly to describe the nature of that test, and its context.
In 1935, Einstein, Podolsky and Rosen (EPR) noted a peculiar consequence of quantum theory, according to which measurement outcomes of distant entangled particles should be perfectly correlated -a result they felt to be in tension with relativistic locality (which limits causal influence by the speed of light) [5] . In 1964, John Bell proved that the predictions of quantum theory differ quantitatively from any that can emerge from a large class of deterministic (classical) local models [6] . Following Bell's suggestion, numerous experiments have been done, and confirmed quantum theory [7] [8] [9] . In 1989, Greenberger, Horne, and Zeilinger proposed a related test which is slightly more complicated to set up experimentally, but much simpler to interpret and more striking theoretically [10] . The GHZ test was then made transparent by Mermin [11] , brilliantly expounded by Coleman [12] , and performed by Pan et al [13] .
A particular multipartite entangled state called the GHZ state, which involves at least three spin-1/2 degrees of freedom, is essential for the GHZ test. In our proposal, we deal with the properties of one photon at three different times, rather than three photons at the same time. Below, we define a functional G which is diagnostic of entangled histories. We will prove that for product history states G is bounded above by 0, while for history states lacking tripartite entanglement it is bounded above by 1/16. For ideal GHZ entangled histories, the functional G is equal to 1.
Motivated by these ideas, we performed the GHZ test for entangled histories experimentally.
We generated a candidate GHZ entangled history state for a single photon, and measured its G functional. We measure G to be 0.656 ± 0.005, which considerably exceeds the bounds mentioned previously. Therefore, the GHZ test for histories clearly demonstrates the existence of entangled histories.
We should add that the structure of our temporal analogue, unlike the original GHZ test, does not preclude its classical modeling. Indeed, in appropriate limits our setup can be understood on the basis of classical optics (which anticipates key features of quantum theory, i.e. complex waves which interfere, and whose absolute square is physically salient). Still, it seems to us noteworthy We should also mention that a very interesting, but quite distinct aspect of temporal correlation in quantum theory has been the subject of previous study [14] [15] [16] [17] [18] . These works focus on tem-poral correlations induced by the usual quantum measurement process, whereas we are primarily concerned with correlations that are intrinsic to the dynamical system.
II. CONSTRUCTING AN ENTANGLED HISTORY STATE
In Griffith's theory of "Consistent Histories" [1], a history state is a sum of tensor-like event products, in the form
Here the P i j t j are projectors at different times in temporal order t 1 < t 2 < t 3 < · · · < t n ) where the index i distinguishes orthogonal projectors within a decomposition of the identity.
is a typographical variation on the tensor product symbol ⊗, which we use when the factors in tensor product refer to different times. An inner product on history space is defined by
where
Using this positive semi-definite inner product we can define quantum superposition and quantum interference for histories just as we do for quantum states. For a more detailed exposition, see [2] .
Let us discuss, conceptually, how we might construct the GHZ history state
where the notation | · ) is used to denote the history state, and where [z ± ] := |z ± z ± |. Consider a spin-1/2 particle in the state |x
. We are going to construct an entangled history state via a post-selection procedure [19] . We introduce three auxiliary qubits |0 1 |0 2 |0 3 =: |000 .
At time t 1 we perform a CNOT operation between the first auxiliary qubit and the spin-1/2 particle,
We let this system evolve trivially to time t 2 . Then at time t 2 , we perform a CNOT between the second auxiliary qubit and the spin-1/2 particle, resulting in
The system then evolves trivially to time t 3 , at which time we perform a CNOT between the third auxiliary qubit and the spin-1/2 particle, giving
If we measure the auxiliary qubits in the {|000 , |111 , ...} basis, then measuring |000 would indicate that the spin-1/2 particle has been in the history with amplitude −1/ √ 2. In other words, the particle has been in the entangled history state
. By changing the basis of the auxiliary qubits, we have erased knowledge about the history of the spin-1/2 particle. As emphasized in [20] , selective erasure can be a powerful tool for exploring quantum interference phenomena.
Similar techniques have been proposed in the context of "multiple-time states" [19] . In this language, we can write the temporal GHZ state as
The interpretation of temporal entanglement has been a subject of much debate [19] , [21] - [22] .
The framework proposed in [2] [3] [4] , grounded in the consistent histories approach of Griffiths [1], seems to us clear and unambiguous.
III. TEMPORAL GHZ TEST
In this section we will discuss how to perform a GHZ test for entangled histories. Consider the
on a three-time history space of a single spin-1/2 particle with trivial time evolution. The expectation values of |GHZ) with the history state operators corresponding to the four operators in Equation 8 are 1, 1, 1 and −1, respectively. The product of these four expectation values is −1.
We represent this procedure of computing the product of the expectation values by the functional G which satisfies
where |Ψ) is a normalized history state. For the ideal GHZ history state, we have
We can write a history state with two-time entanglement as |ψ)
|ψ) is arbitrary two-time entangled history states. Other history states with two-time entanglement take the same form, up to permutations of the tensor product components. Since the G functional is not sensitive to such permutations, it suffices to consider a single ordering. We have proved that (supplementary materials)
And for a generic separable history state
where 
the G functional vanishes.) This τGHZ test is much simpler than the generalized temporal Bell test in [3] , and requires many fewer measurements. Before proceeding, we provide a "dictionary" between the complex state space of a spin-1/2 particle and the polarization state of a single photon. We make the identifications where "H" stands for "horizontally" polarized light, "V" stands for "vertically" polarized light, "D" stands for "diagonally" polarized light, "A" stands for "anti-diagonally" polarized light, "R" stands for "right-circularly" polarized light, and "L" stands for "left-circularly" polarized light.
We have the standard relations
To implement the GHZ test for entangled histories experimentally, we prepare a single photon through spontaneous parametric down conversion (SPDC) shown in Figure 2 . The SPDC process generates photon pairs with perpendicular polarizations, which are then separated by a polarizing beamsplitter (PBS). 
relative minus sign between the contributions from [H] [H] [H] and [V] [V] [V].
By post-selecting on the events that trigger D2, and varying the wave-plate sets appropriately, we can measure the GHZ functional for an entangled history. We must measure the expectation values σ x σ x σ x , σ y σ y σ x , σ y σ x σ y and σ x σ y σ y with respect to the GHZ history state, and then multiply all of the expectation values together.
In this experiment we often access polarization properties at definite times, through PBS1 − 6.
Alternatively, in the case where the photon transmits at all of the 6 PBSs and triggers D2, we access a multi-time observable. Such multi-time observables represent, in Griffiths' terminology
[1], "contextual" properties. We can form a family based on those complementary single-time and multi-time properties. The character of the history state
emerges clearly only when we measure multi-time observables, which in turn we access when certain other events fail to occur.
The experimental procedure is divided into 32 trials, which each have separate settings for the polarizing beam splitters and wave plates. Each trial consists of preparing the settings of the apparatus and recording the number of photons received by detector D2 (denoted by Counts(D2)).
We define
Let PBS(α, α) denote that the PBS transmits the photon in the |α polarization and reflects the orthogonal component |α , while WP(β, γ) denote that the WP is set up so that the incoming photon in the |β polarization is transformed into the |γ polarization. Then for a given trial, the settings have the form
with fixed values of i, j, k = 1, 2, 3.
where Counts(total) denotes the overall number of photons sent into the MZI, which is a constant for different trials in our experiment. By collecting data from all of the trials we can evaluate
and finally to compute
by taking the product.
The four measured correlations are shown in Fig. 2 . The computed value of G is 0.656 ± 0.005, where the error takes into account the statistics of detector photocounting. 
V. CONCLUSION
We have performed an experiment to create and validate an entangled history state for a single photon. The experiment allows us to superpose radically different versions of the system's history, and to probe its entangled structure. The experimental results violate inequalities implied by separability by a large margin.
It may seem startling that any version of the GHZ phenomenon, which in many ways epitomizes the peculiar characteristics of quantum theory, can be reproduced using, in essence, classical optics. On the other hand, we may recall that Dirac's magisterial text on quantum theory begins with a long discussion of experiments with polarized light [23] . Indeed, the wave theory of light already supports the principle of superposition, the calculation of intensities through squares of amplitudes, and interference phenomena -i.e., the central aspects of quantum-mechanical wave functions. In our context, the central innovation of quantum theory is not to change the rules of wave theory, but to allow an alternative (particle) interpretation of its results. By following out that particle interpretation fully we discover that it brings in new ideas, such as the temporal entanglement of histories.
SUPPLEMENTARY MATERIALS A. A classical calculation
Here we analyze a class of classical systems which have qualitative similarities to the τGHZ test. The assumptions for our calculations are as follows. Suppose that we have three observers A, B, C who measure the value of σ x or σ y at three different times t 1 , t 2 and t 3 . The measurement basis
(the x-basis or the y-basis) is chosen randomly at each time. Communication among A, B and C is forbidden for t 1 ≤ t ≤ t 3 . Then at a later time t 4 (after time t 3 ), A, B and C exchange information on their choice of basis and measurement results. When their basis choices correspond to the G functional choices (e.g. σ x for t 1 , σ x for t 2 , and σ x for t 3 ), and only then, the measured results are recorded.
The observable values at the three different times are allowed to be correlated. Thus we introduce a master joint total distribution χ(Q
, and calculate
in an evident notation.
There are eight possible assignments of the products of these variables consistent with the classical constraint that the product of their products is unity. Let us define their probabilities with respect to the distribution χ as follows:
Then for the GHZ functional we have 
Maximizing this over probability distributions, we find that it is bounded below by
The maximum is assumed at (p 1 , p 2 , p 3 , p 4 , p 5 , p 6 , p 7 , p 8 ) = ( 
The term 1 4 (σ X σ X )(σ X σ Y )(σ Y σ X )(σ Y σ Y ) can be written by expanding in a basis of temporal Bell states. Let us write Optimizing over |a|, |b|, |c|, |d|, φ ab and φ cd subject to the appropriate constraints, we find that for the class of history states under consideration, the maximum value for G is exactly 1/16.
